A minor error in the necessary conditions for the algebraic form of the Lamé equation to have a finite projective monodromy group, and hence for it to have only algebraic solutions, is pointed out. 
Introduction
The Lamé equation is a second-order Fuchsian differential equation. It may be written Ä Ù ¼, where Ä is the Lamé operator with complex parameters and .
The first, the so-called degree parameter, is often denoted Ò, but the notation is used here, to hint at connections with Lie group representation theory. is an accessory parameter, which in many applications plays the role of an eigenvalue.
The Lamé equation arose in a classical setting: the solution of Laplace's equation in ellipsoidal coordinates by separation of variables. In that context, its solutions include the ellipsoidal harmonics. In classical treatments, is accordingly an integer, or perhaps a half-odd-integer [1, Chap. XXIII]. The latter case arises in a more complicated separation of variables problem (see [2, Chap. IX, Ex. 4], [3, Sec. 15.1.3] ). In modern applications, may vary continuously. For example, the Lamé equation with ¾ ¼ ¾℄ has been used to compute the Hubble distance-redshift relation in inhomogeneous, spatially flat cosmologies [4] . In that application, ´ ·½µ ¾ ¼ ½℄ is the fraction of inhomogeneous matter in the universe that is 'dark', i.e., excluded from observation.
Actually, several distinct equations are referred to in the literature as the Lamé equation. We initially consider the algebraic form, rather than the Weierstrass or the The pullback has only one singular point, namely´Ü Ýµ ´½ ½µ, which from a geometric point of view is why the Lamé case of the Heun equation is important.
The pulled-back equation Ä ¾ ¿ Ù ¼ on ¾ ¿ is the Weierstrass form, which is discussed in Section 5. Indirect references to the elliptic curve interpretation occur elsewhere, since when studying Ä , we classify various situations by supplying the corresponding value of Â, Klein The determination of all quadruples ¾ ¿ for which Ä has only algebraic functions in its kernel is an unsolved problem. The nonclassical case ¾ ¾ of this problem is perhaps the most tractable. Singer [6] and Morales-Ruiz and Simó [7, Lemma 1] mention an unpublished result of Dwork that for any fixed for which ¾ ¾ , if ½ is fixed, then there are only a finite number of pairs ¿ for which all solutions of Ä Ù ¼ are algebraic. In essence, for each ¾´½ ¾µ there are only a finite number of 'algebraic' pairs Â ; though for this statement to make sense, would need to be redefined in a scale-invariant way, constant on each elliptic curve isomorphism class.
The difficulty of finding all is the (normal-form) hypergeometric operator with exponent differences [8] .) The case when one of is an integer is degenerate, and can be handled by other means (it has its own list). To each list entry there corresponds a finite group, to which the projective monodromy group ´Ä µ, which will be a finite subgroup of the Möbius group È Ä´¾ µ, is necessarily isomorphic. The possible groups are cyclic ( Ò , Ò ½), dihedral ( Ò , Ò ¾), tetrahedral ( ), octahedral (Ë ), and icosahedral ( ).
Klein's theory of pullbacks of Fuchsian operators grew out of Schwarz's classification theory. Associated to any second-order Fuchsian operator on an algebraic curve over is a projective monodromy group ´ µ È Ä´¾ µ. Klein showed that ´ µ will be finite, which is almost enough to ensure that Ù ¼ has only algebraic solutions, iff is a (weak) pullback from È ½´ µ of some Ä , where belongs to a small sublist, called the 'basic Schwarz list'. (Other list entries can be omitted since they are redundant: they themselves correspond to pullbacks.) Necessarily ´ µ ´Ä µ; and in fact, there is at least one on the basic Schwarz list, with corresponding pullback, such that ´ µ ´Ä µ. If the pullback is known explicitly, ´ µ may readily be computed, and the solutions of Ù ¼ may be computed too. All solutions will be algebraic, provided the Wronskian of is algebraic. The proofs of Klein were modernized by Baldassarri and Dwork in [9, 10] .
In a remarkable paper, Baldassarri [11] Unfortunately, [11] errs in its treatment of the octahedral case. In Theorem 3.1, we restate the conditions of [11] with the following correction: For ´Ä µ to be octahedral, it is necessary that one of ¦½ or ¦½ be an integer, but not that one of ¦ ½ be an integer. We discovered the need for this correction while examining the implications for Lamé monodromy of [12] , which in effect classifies all strong pullbacks of the hypergeometric to the Heun equation. Pulling back 'algebraic' Ä via the quadratic and cubic cyclic maps treated in [12] yields useful examples of Lamé operators with only algebraic functions in their kernels, including a counterexample to the necessary condition of [11] . The counterexample appears in Proposition 3.4, and explicit formulae for the solutions of a number of interesting Lamé equations with projectively finite monodromy are given in Section 4.
The corrected necessary condition for ´Ä µ to be octahedral overlaps with the necessary condition that it be icosahedral, which is that one of ¦ ½ ½¼, ¦ ½ , or ¦ ¿ ½¼ be an integer. For example, ½ is both an octahedral and an icosahedral alternative. It follows from Propositions 3.4 and 3.5 that there are Lamé operators with ½ of both the octahedral and icosahedral types. This implies that in the nonclassical ¾ ¾ case, finite projective monodromy is not determined uniquely by .
Churchill [13] studied the monodromy of the Weierstrass-form Lamé equation Ä ¾ ¿ Ù ¼ on the elliptic curve ¾ ¿ , and employed the results of [11] to derive similar results on the projective monodromy group ´Ä ¾ ¿ µ. In particular, he deduced that it cannot be octahedral. Unfortunately, this deduction is invalidated by the error in [11] and the consequent nonuniqueness. In Section 5, we provide details, including Theorem 5.1, a corrected theorem on ´Ä ¾ ¿ µ and its relation to ´Ä µ. We also give an example of an equation Ä ¾ ¿ Ù ¼ with octahedral projective monodromy.
Preliminaries
The following definitions and results are fairly standard [9, 10] , but are included to make this paper self-contained. Suppose is a nonsingular algebraic curve over with function field Ã , and that is a nontrivial derivation of Ã . issue from È . Its image in Ä´¾ µ is the monodromy group of Ä (its isomorphism class is independent of the choice of Ù ½ Ù ¾ and È ). The image of the monodromy group in È Ä´¾ µ, obtained by quotienting out its intersection with Ò ¼ , is the projective monodromy group ´Äµ, the group of monodromies of the ratio Ù ¾ Ù ½ . Iff ´Äµ is finite, any ratio of independent solutions of ÄÙ ¼ will be algebraic over Ã, with Galois group ´Äµ. Let be such a ratio. By calculation, if ¼,
¼ can be weakened to the condition that the Wronskian Û Û´Äµ, defined locally on by Û · ¡ Û ¼, be algebraic over Ã. This is 
If this is the case, the solution space of ÄÙ ¼ is spanned by
where ¼ is any ratio of independent solutions of Ä ¼ Ù ¼ ¼. Ù ¼ around È must be isomorphic to an integer power of such a permutation. Together with the fact that ´ µ, the group of permutations of the branches of which is generated by these monodromies, must be identical to the Galois group of over Ã (rather than being a proper subset of it), this imposes substantial constraints.
The following lemma will be used in the next section. Table 1 are ordered so that if ¾ appears in a later row than ½ , then ¾ is not isomorphic to a subgroup of ½ .
Lemma 2.4 If Ä is an algebraic-form Lamé operator with finite projective monodromy group, so that it is a pullback
The analysis begins with the tetrahedral row, since it is a classical result that if ¾ ¾ , ´Ä µ cannot be cyclic or dihedral. If ´Ä µ is tetrahedral, Ä must be a pullback of Ä ½ ¾ ½ ¿ ½ ¿ . Since Ä has exponent differences ½ ¾, ½ ¾, ½ ¾, ¦´ · ½ ¾µ at Ü ½ ¾ ¿ ½, respectively, it follows from Lemma 2.4 and Lemma 2.3 that must map ½ ¾ ¿ to ¼, and ½ to ½, resp. ½. Hence If ´Ä µ is octahedral, Ä must be a pullback of Ä ½ ¾ ½ ¿ ½ . The point Ü ½ cannot be mapped to ¼, since by Lemma 2.3 that would imply that · ½ ¾ is an integer multiple of ½ ¾, which is a contradiction. However, it can be mapped to ½, in which case · ½ ¾ must be an integer multiple of ½ ¿, or to ½, in which case ·½ ¾ must be an integer multiple of ½ . That is, must equal Ò¦½ or Ò¦½ , with Ò an integer. [The possibility that ´½µ ½ was erroneously ruled out in [11, Sec. 3] , by an argument based on the incorrect assumption that ´ µ must equal ¼ for all .]
If ´Ä µ is icosahedral, Ä must be a pullback of Ä ½ ¾ ½ ¿ ½ . As in the octahedral case, Ü ½ cannot be mapped to ¼. It can be mapped to ½, in which case · ½ ¾ must be an integer multiple of ½ ¿, or to ½, in which case · ½ ¾ must be an integer multiple of ½ . That is, must equal Ò ¦ ½ , with Ò an integer, or Ò ¦ ½ ½¼ or Ò ¦ ¿ ½¼, with Ò an integer. ¾ According to Propositions 3.4 and 3.5 below, the five alternatives listed in Theorem 3.1 can each be realized. ½ ½ ¾ ´¾ · ½µ , the singular point locations and exponent differences will be identical to those of Ä (harmonic case). Similarly, any pullback of Ä via ¿´Ü µ Ü ¿ will have singular points ¼ ½ ¾ ½, with exponent differences ¿ ¿ . If ½ ¿ ½ ¾ ´¾ ·½µ , the point Ü ¼ will become an ordinary point, and the singular point locations and exponent differences will be identical to those of Ä (equianharmonic case).
The value for the accessory parameter of the pullback can be shown to be zero in both cases. This follows from Lemma 2.1, since in both cases a computation (omitted here) yields equal values for the left-hand and right-hand sides of (2.4), irrespective of , iff is set equal to zero. It also follows from a theorem of [12] , which determines the values of the accessory parameter and exponent parameters for which Heun operators are strong pullbacks of Ä . It should be noted that cyclic pullbacks of hypergeometric operators have been studied or applied by several other authors. In the harmonic case, Ivanov [15] discovered that the Jacobi form of the Lamé equation can be reduced to the hypergeometric equation, via a quadratic transformation analogous to ´Üµ Ü ¾ . In the equianharmonic case, Clarkson and Olver [16] discovered that the Weierstrass form of the Lamé equation can be similarly reduced, via a cubic transformation analogous to ´Üµ Ü ¿ . Our efforts to understand their results led to [12] , and ultimately to this paper. Recently, the Clarkson-Olver transformation has been applied by Kantowski and Thomas [4, Eq. 12].
Proposition 3.4 Let Ò denote an integer. (1) In the harmonic case
PROOF. This follows from Lemma 3.3, together with Schwarz's classical characterization of the for which ´Ä µ is finite. If the unordered triple appears on the full Schwarz list, then ´Ä µ will be finite, and the same will be and , and neither is a subgroup of the other. ¾ Case 1 of Proposition 3.4 provides a counterexample to the necessary condition of [11] . It should be mentioned that Case 2(b) is actually a generalization of another result of [11] , which is that in the equianharmonic case, Ä ½ ½¼ ¼ can be pulled back from Ä ½ ¾ ½ ¿ ½ via a degree-¿ cyclic map. In fact, Baldassarri was the first to see the relevance of degree-¿ cyclic maps in this context.
The following proposition shows that the remaining alternative of Theorem 3.1, which Proposition 3.4 did not cover, can also be realized. Unlike Proposition 3.4, it is specific to a single value of , and also to a nonzero value of the accessory parameter . 
Explicit Formulas
In practical applications of the Lamé equation, such as the astrophysical application of [4] , it is useful to have explicit formulas for the algebraic solutions, if any. The five cases of the following proposition, which correspond to the four cases of Proposition 3.4 and to Proposition 3.5, should serve as examples. where is case-specific. In cases 1 and 2(a), the projective monodromy group ´Ä µ, i.e., the Galois group of over ´Üµ, is octahedral, and in cases 2(b),
2(c), and 3, it is icosahedral.
PROOF. The solution space (4.1) is of the form specified by Lemma 2.1 in (2.5). In each case, is defined so that ¼ AE , where is the rational function by which Ä is pulled back from some Ä , and ¼ is a ratio of solutions of Ä Ú ¼.
In all cases except 2(c), the right-hand side of the defining equation is Þ ´Üµ, as supplied in the proof of Lemma 3.3 or the proof of Proposition 3.5, and the lefthand side is the appropriate polyhedral function, as supplied in the final column of Table 1 , applied to . This map appears on the right-hand side in Case 2(c). ¾
The Weierstrass Form
In classical treatments [1] , the Weierstrass-form Lamé equation is regarded as an equation on , of the form
